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Stratified horizontal flow in vertically vibrated granular layers
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Physics Department, Bar-Ilan University, Ramat-Gan 52900, Israel

~Received 11 September 2000; published 18 June 2001!

A layer of granular material on a vertically vibrating sawtooth-shaped base exhibits horizontal flow whose
speed and direction depend on the parameters specifying the system in a complex manner. Discrete-particle
simulations reveal that the induced flow rate varies with height within the granular layer and oppositely
directed flows can occur at different levels. The behavior of the overall flow is readily understood once this
feature is taken into account.
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Understanding the static and dynamic properties of gra
lar materials is a challenging task@1# and many aspects o
their behavior are unexpected. An example of this kind
behavior is provided by a granular layer that is vibrated v
tically by a base whose surface profile has a sawtooth fo
in this particular case the material is confined to the ann
region between two upright cylinders and is thus practica
two dimensional. What is observed@2,3#, both in experiment
and computer simulation, is horizontal flow. While this e
fect is perhaps not entirely unexpected because the sha
the base breaks the horizontal symmetry, the complex m
ner in which the flow direction and magnitude depend on
many parameters that specify the system is surprising.
purpose of this paper is to describe a series of simulat
that resolve this apparent complexity in terms of the flows
horizontal strata within the vibrated layer; when this hithe
unreported aspect of the behavior is taken into account
apparently complex nature of the overall flow ceases to b
mystery.

The problem of a vibrating granular layer on a flat base
an example of a granular system where it has proved pos
both to validate the simulational approach based on suit
discrete-particle models and to use simulation to probe
tails of the dynamics that are not readily accessible to exp
ment; the standing wave patterns that occur in this sys
have been studied in two@4–6# and three@7,8# dimensions.
When the sinusoidally oscillating base is given a sawto
surface profile@2,3#, horizontal flow appears; experiment an
simulation both display the complex dependence of the fl
direction and magnitude on the parameters defining the
tem. ~While it is also possible to produce horizontal flow b
combining horizontal and vertical base vibration@9#, this is
distinct from the sawtooth problem where the vibration
entirely vertical.! The sawtooth base can be regarded a
kind of ratchet; evidence of the complexity of systems
volving potentials that produce ratchetlike effects appear
much simpler one-dimensional systems@10,11#.

In the present series of two-dimensional simulations
interaction specifying the grain shape is assumed@12# to
have a Lennard-Jones~LJ! form, with a cutoff at the range
where the repulsive force falls to zero. For grains located
r i and r j this is f i j

r 5(48e/r i j )@(s i j /r i j )
1220.5(s i j /r i j )

6# r̂ i j
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for r i j ,21/6s i j and zero otherwise; herer i j 5r i2r j and s i j

5(s i1s j )/2. s i is the approximate diameter of graini,
since the grains possess a certain degree of softness, t
not precisely defined. The LJ interaction is strongly repuls
at small r i j , more so than the linear overlap and Hertzi
type repulsions also used in granular simulation@13#. For
convenience, we use reduced units in which length is
pressed in terms of the diameter of the largest grains, en
in terms of e, and a grain with unit diameter~in reduced
units! has unit mass. Grain sizes are randomly distribu
between 0.9 and 1.

Normal and transverse viscous damping forces@14,15#
produce the inelastic collisions and retard sliding during

collision. The normal force isf i j
n 52gn( ṙ i j • r̂ i j ) r̂ i j . The

transverse force isf i j
s 52sgn(v i j

s )min(muf i j
r 1f i j

n u,gsuv i j
s u) ŝi j ,

wherev i j
s 5 ṙ i j • ŝi j 1r i j (s iv i1s jv j )/(s i1s j ) is the relative

tangential velocity of the disks,ŝi j 5 ẑ3 r̂ i j ( ẑ is the unit nor-
mal to the simulation plane!, andv i is an angular velocity.
The value of the static friction coefficient used here ism
50.5 and the normal and transverse damping coefficients
gn5gs55.

While most granular simulations are based on partic
with a certain amount of softness, allowing the use of diff
entiable potentials, there is an alternative approach involv
step potentials; provided the former are not too soft and
flow involves some degree of fluidization the results of t
two approaches are similar@16,17#. The previous simulations
of the sawtooth problem@3# used step potentials and th
results were limited to thin layers; the softer potentials of
present work do not restrict the layer thickness.

The sawtooth base is constructed from a set of grain
disks positioned to produce the required profile; these d
oscillate vertically in unison to produce the effect of a sin
soidally vibrated base. The disks themselves interact with
grains using the same force laws as above; their diamet
0.33 and the distance between disk centers is half of
value, producing sawtooth edges that are reasonably stra
The system is horizontally periodic and extends sufficien
far vertically to prevent grains reaching the upper bounda

Gravity also acts on the grains; hereg55. The total force
and torque on each grain are readily computed and the e
tions for translational and rotational motion are numerica
integrated using the leapfrog method with a time step
©2001 The American Physical Society04-1
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0.005. These and other methodological issues are desc
elsewhere@18#. Each run extends over 1000 base cycles a
the results are grouped into 10 nonoverlapping blocks to p
vide error estimates.~The reduced units employed here c
be related to physical units. If, for example, the particle
ameter is actually 1023 m, then the reduced time unit con
sistent with the choice ofg55 corresponds to 0.022 s, an
f 50.5 is equivalent to a frequency of'23 Hz. Other
choices of length scale andg will lead to different time
scales.!

The results described here are for a sawtooth height
and a vibration amplitude of 1. The sawtooth shape
strongly asymmetric, with a gently sloping left edge and
almost vertical right edge; projected onto the base the e
lengths are in the ratio 99:1. The adjustable parameters
sidered here are the base vibration frequencyf and the num-
ber of sawteeths (s is specified rather than the tooth wid
since it must be an integer!. The initial state consists o
grains positioned on a rectangular grid with unit spacing;
horizontal grid size is fixed at 90~this is also the system
width!, and the adjustable vertical grid size is taken to be
nominal thicknessh of the granular layer.

Figure 1 shows a screen image~with limited visual reso-
lution! of a portion of a typical system for the cases540.
Since the base is near its lowest point the surface wave f
is absent. The arrows indicate the stratified flow discus
below.

Figure 2 shows a contour plot of the average horizon
flow velocity as a function off ~frequency! ands ~number of
teeth! for layer thicknessh54. The flow is negative at lows,
and for certainf also at highs ~corresponding to narrow gap
between teeth with space for just a single grain!; horizontal
cuts through the plot for certains values show velocity re-
versals as a function off, likewise, vertical cuts show rever
sals as a function ofs. Figure 3 is similar but forh510; the
flow is stronger at lowf and there is a larger negative regio
at high s. Examination of the entire range ofh values con-
sidered~between 1 and 16! reveals smoothly shifting domai
boundaries separating positive and negative flows; me
examining a few cuts through these multidimensional pl
will miss this gradual variation. These results include t
complex parameter dependence observed previously in
experiment and simulation@2,3#, but with reversed signs be
cause of the opposite sawtooth asymmetry.

The results shown in Fig. 4 deal with another tw
dimensional cross section through the multidimensional
rameter space and reveal the flow dependence ons andh for
f 50.5. Flow reversals are seen to occur both as function
s and h ~including theh51 monolayer!. Other values off
over the range examined~0.3 to 0.7! again show a gradua
shifting of the boundaries between regions of oppositely
rected flow.

FIG. 1. Screen snapshot showing a portion of a typical syste
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Space precludes discussion of the corresponding res
for other parameter choices~such as sawtooth height an
asymmetry! that are similar in essence but differ in detail.
particularly drastic change is to set the tangential dampin
zero, thereby removing the rotational component of the
namics. Once again the quantitative details change, but
overall behavior is not strongly affected; the main effect
rotation and the associated damping is to increase en
dissipation. Similar results are also obtained when the in
action used here is replaced by a linear overlap repulsio

Further progress in understanding the behavior requ

.

FIG. 2. Contour plot showing overall horizontal flow velocity a
a function off ands for h54 ~in reduced units!; solid and dashed
curves denote positive and negative values, respectively, and
contour interval is 0.013~the same value is used subsequently!.

FIG. 3. Flow velocity~see Fig. 2! for h510.
4-2
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looking beyond the overall flow and taking advantage of
simulations to examine the dynamics in greater detail.
analogy can be made with thermal convection where
mean flow is zero, but this does not preclude the presenc
highly structured convection rolls. Here, too, there are loc
ized flow structures that can only be detected by probing
spatial variation of the flow; Fig. 1 already hinted at the ki
of behavior that can be observed if flows in distinct horizo
tal strata are measured. The experiments carried out on
system@2,3# examined just the overall flow by measurin
tracer particle motion, and the accompanying simulatio
were confined to thin layers only, so there was little opp
tunity for observing any spatial variation.

Studying stratified flow requires assigning grains to ho
zontal levels while allowing for the fact that grains can m
grate vertically. Since this procedure is not uniquely defin
the approach adopted here is to reassign the grains onc
ery vibration cycle when the base reaches its lowest po
This has certain shortcomings, particularly for higherf, be-
cause grains in the peaks of the surface waves are assign
higher levels; however, apart from some smearing of
measurements between levels, no spurious effects are
pected from this approach.

Figure 5 shows the height~z! dependence of the stratifie
flow velocity for h58, for several sets off ands values; the
thickness of each level is 1.2, which is slightly larger th
the grain size. Figure 6 shows the corresponding results
h512. A typical velocity profile starts with a slightly nega
tive or near-zero flow at the bottom level; the flow initial
increases withz, reaches a positive maximum, and then sta
to drop, in most cases eventually becoming negative ag
~In physical units the horizontal flow speeds are of ord
1022 m/s.! The curves fors510 ~wide teeth! and s540
~narrow teeth! are the most negative at the upper leve
while intermediate curves show strong positive maxima n
z54.

FIG. 4. Flow velocity as a function ofs andh for f 50.5.
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The preferred flow directions at different levels reflect t
key features of the system. The behavior of the grains n
the base is reminiscent of a thin layer that can flow in eit
direction, depending on the prevailing conditions, althoug
is generally dominated by a ratcheting effect in which gra
tend to move in the positive direction by climbing up th
shallow tooth faces. On the other hand, the asymmetry of
sawteeth, which in themselves would be more likely to
flect falling grains in the negative direction, indirectly influ
ences the behavior in the upper levels; this effect is tra
ferred through the intervening material that could well
moving in the positive direction. When positive flow occu

FIG. 5. Stratified flow velocity (v) as a function of height~z!
above the base forh58; typical error bars are shown.

FIG. 6. Stratified flow velocity~see Fig. 5! for h512.
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at the lower levels the competition between these oppo
effects produces the counterflowing velocity profile. Th
idealized scheme is of course complicated by other aspe
including grain rotation and the fact that the grains at
bottom can become trapped between the teeth thereby re
ing the effective sawtooth height.

The explanation for the puzzling reversals in the ove
flow direction is embodied in curves such as those show
Figs. 5 and 6. The average flow is simply the dens
weighted mean of the stratified flow velocity; its sign d
pends on the detailed form of the velocity profile and is
consequence of the relative strengths of the positive
negative flows occurring at different levels. Since only
slight change in the profile may be enough to produc
reversal of the overall flow direction, the sensitive parame
dependence is hardly surprising.
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In general, the more familiar role of simulation, partic
larly as it applies to granular media, is in attempting to
produce experimentally observed behavior. In this paper
process has been inverted, and through simulation it
proved possible to identify a previously unknown transp
mechanism in a model of a vibrated granular system. On
assumption that the model correctly describes the relev
features of real granular materials, this amounts to a pre
tion that calls for experimental verification. Should this kin
of behavior be found experimentally, stratified flow would
an interesting addition to the extensive repertoire of exo
properties exhibited by granular matter.

This research was supported in part by the Israel Scie
Foundation. We are grateful to T. Vicsek for introducing
to the problem.
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